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A new linear inverse method is demonstrated for recoueiy of particle-size distribution 
(PSD) and volume fraction of opaque colloidal suspensions from frequency domain 
photon migration (FDPM) measurement of multiply scattered light. To deal with the ill 
posedness of PSD retrievingproblem, the size distribution is approximated by the B-spline 
expansion. Tikhonov regularization, along with both nonnegativity and smoothing con- 
straints, in which the L-curve method is employed to choose a regularization parameter, 
are also used to ensure the stable and realistic solution. The algorithm is tested using 
synthetic FDPM measurements at a variety of size distributions, and results are com- 
pared using other inverse methods. The influences of model and measurement emor are 
investigated. To demonstrate o~ir inversion approach, PSD and volume fraction of 
opaque titanium dioxide suspensions are recovered from actual FDPM measurements. 
This work demonstrates the ability of FDPM method to characterize colloidal suspen- 
sions. 

Introduction 
Online measurements of particle-size distribution (PSD) 

and volume I'raction of colloidal suspensions arc highly de- 
sired in the particulate processes of pharmaceutical and 
chemical industries in order to effectively evaluate, optimize, 
and control manufacturing processes and product quality. 
However, i t  i, difficult to obtain these critical parameters at 
industrially t-clevant concentrations using real-time, online 
measurcnicnts. Most available online particle sizing methods, 
such as turbiclity (Crawley et al., 19971, angular static scatter- 
ing (Frock. 1987). and dynamic light scattering (Nicoli et al., 
190 1 1. arc b ; w d  on single light scattering principle. Each 
method requires considerable sample dilution and mcasure- 
ment calibration due to the confounding effects of multiple 
scattcring from concentrated suspensions. Although some 
modifications of above methods, such as fiber optic dynamic 
light scattcring (FODLS) (Thomas, 1991) and modified static 
light scattering (SLS) (Lehner et al., 1998), have been pro- 
posed t o  suppress the effects of multiple scattering, these 

methods are not well suited for particle sizing on multiple 
scattering, concentrated colloidal suspensions. 

In recent years, new particle-sizing methods based o n  mul- 
tiple light scattering principle. such as diffusive wave spec- 
troscopy (DWS) (Horne and Davidson. 1993) and acoustic 
spectroscopy (AS) (Alba et al., 19991, have been applied for 
particle sizing in concentrated suspensions. Frequency do- 
main photon migration (FDPM) is yet another new potential 
method for online characterization of multiple scattering, 
concentrated colloidal suspensions (Sevick-Muraca et al., 
1997). Since this technique measures time-dependent propa- 
gation characteristics rather than the amount of light de- 
tected. it is self-calibrating and no external calibration is re- 
quired. In addition, FDPM allows independent determina- 
tion of absorption and scattering. Consequently. charactcri- 
zation of colloidal scatters is not biased by changes in the 
light absorption or color of suspending fluids. Because FDPM 
depends upon multiple scattered light, it is restricted to 
nondilute particulate suspensions, whereby the suspensions 
are typically opaque. Both size distribution and volume frac- 
tion can be directly obtained by inversion algorithms, where 
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the only physical parameter required is the relative refractive 
index between the particulate and continuous phases. Since 
no dilution is necessary to avoid multiplc scattering, FDPM is 
suitable for online monitoring PSD and volume fraction in 
particulate processes. 

Recently, we have demonstrated that FDPM can be suc- 
cessfully used for recovery of PSD and volume fraction in 
opaque, multiple scattering suspensions of polystyrene and 
titanium dioxide (Sevick-Muraca et al.? 1997; Richter et al., 
1998). Using visible wavelengths, particles from 50 nm to 1 
micron may bc characterized at multiple scattering, noninter- 
acting suspensions. However, at high volume fractions (such 
as larger than 5951, corrections for particle interaction are 
necessary (Shinde et al., 1999; Richtcr and Sevick-Muraca, 
2000). To date, our work on FDPM ha5 been limited by the 
requirement to make a priori assumptions of the PSD, 
whether described by normal, log-normal, or Weibull distri- 
butions. The parameters, which describe the distributions, are 
determined by a best-fit procedure o n  the experimental data 
using nonlinear least-squares regression. In  this contribution, 
we seek to recover thc volume fraction and the PSD of arbi- 
trary form without a priori information. 

Recovery of PSD from light scattering measurements in- 
volves solving a set of Fredholm integral equations of the first 
kind. As a well-known ill-posed problem: it is characterized 
by incompleteness of available information, nonuniqueness of 
its solution, and noncontinuous dependence of the solution 
on the available data. Moreover, the solution is extremely 
sensitive to small perturbations of the system (that is, mca- 
surement error) so that all classical numerical methods fail to 
obtain a meaningful solution. Aimed at the difficulties of 
solving general Fredholm integral equations, several inver- 
sion algorithms have been proposed and used in a variety of 
applications. These methods include: Tikhonov regulariza- 
tion (Tikhonov and Arsenin, 1977); least squares with physi- 
cal constraints (Copper and Spielman. 1976; Amato et al.. 
1996); truncated single value decomposition (SVD) and gen- 
eralized SVD (GSVD) (Hansen, 1990; Xu, 1998); Chahine's 
(1968) and Twomcy's (1975) nonlinear iterative methods with 
modifications (Ferri et al., 1995; Markowski, 1987); Landwe- 
ber and accelerated Landweber iterative regularization meth- 
ods (Carfora et al., 1998); extreme value estimation (Aalto ct 
al., 1990; Hopke and Paatero, 1994); and maximum entropy 
(Amato and Hughes, 1991). These methods attempt to trans- 
form the ill-posed problem into a nearby well-posed problem 
by introducing additional constraints on the solution. In re- 
cent years, other methods have been proposed for solving the 
ill-posed problem of particle sizing, such as neural network 
(Nascimento et al., 1997). Bayesian analysis (Ramachandran 
and Kandlikar, 1996a), inverse Monte Carlo (IMC) (Ligon et 
al., 1996); genetic algorithm (GA) (Ye et al.. 1909), and 
wavelet-based regularization methods (Frontini and Chaubcll, 
1999). However, few have been tested with real experimental 
data. 

The majority of these algorithms are used in aerosol sci- 
ence and geophysics, with only a few attempted for recover- 
ing free-form PSD from scattering measurements in colloidal 
suspensions. In this work, we develop a linear inverse method 
for recovery of free-form size distribution and volume frac- 
tion from FDPM measurements of opaque colloidal suspen- 
sions, We employ three strategies to obtain a stable and PhYs- 

ically reasonable solution of the ill-posed inverse problem: 
(1) B-spline approximation of an unknown function: (2) 
Tikhonov regularization along with both non-negativity and 
smoothing constraints; and (3 )  L-curve method used for sc- 
lecting the regularization parameter. The advantages of our 
approach are: ( I )  the requirement to assume the form of the 
size distribution a priori can be avoided; (2) the recovery of 
multi-modal size distributions is possible; ( 3 )  the linear inver- 
sion is fast and suitable for determination of online PSD and 
volume fraction in industries. 

In the following sections, we briefly introduce the FDPM 
measurement and thcory for completeness. and formulate the 
free form PSD invcrsion problem before providing details of 
our new linear inverse method. We demonstrate this algo- 
rithm by recovering a variety of size distributions (that is. uni- 
modal and bimodal, normal and lognormal, narrow and 
broad) using synthetic FDPM measurements and comparing 
them with other inverse approaches. The impact of model 
and measurement errors upon PSD recovery is also investi- 
gated. Finally. as a practical application. our inverse method 
is used for recovery of PSD and volume fraction of opaque 
titanium dioxide suspensions using actual FDPM measure- 
ments. 

Background: Frequency Domain Photon Migration 
Measurement 

In contrast to the DWS and AS mcthods. the FDPM 
method monitors thc time-dcpendent propagation charactcr- 
istics of niultiply scattered light. This technique depends on 
launching intensity-modulated light into a multiple scattering 
medium at a single point source and detecting, at other points 
some distance away from the source, the amplitude attenua- 
tion and the phase shift of scattered light relative to the source 
light. Since the propagation of light in concentrated, multiple 
scattering particulate suspensions is modeled as a diffusion 
process, thc measurcment data can be regressed to obtain 
the optical properties o f  the colloidal suspension (that is. the 
absorption coefficient pLL, and the isotropic scattering cocffi- 
cient p',) by solving the diffusion equation with appropriate 
boundary conditions (Dudcrstadt and Hamilton. 1976: Ishi- 
maru, 1978; Fishkin et al., 1095). The wavelength-dependent 
isotropic scattering coefficients are associated with particlc- 
size distribution and volume fraction by light scattering the- 
ory, which is the t l i ~ r e t i c a l  basis of photon migration tech- 
nique for particle characterization. 

If interparticle intcractions are assumed to bc negligible, 
the Mie theory can be used to describe the association be- 
tween the isotropic scattering coefficient and particlc size of 
suspensions. For polydisperse system, the isotropic scattering 
coefficient can be predicted by 

where x is the particle diameter; f(x) is the particle-size dis- 
tribution (PSD); 4 is the particlc volume fraction: A is wave- 
length: Q,,,,,(x, A )  is the angle-integrated scattering effi- 
ciency; and g(x, A) is the scattering anisotropy, which is the 
mean cosine of the scattering angle. Both scattering effi- 
ciency and scattering anisotropy can be predicted from scat- 
tering Mie theory (Bohren and Huffman. 1983). Alternately, 
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if particlc conccritrations are high and excluded volume and 
othcr particlc interactions are involved, the formalism must 
be modifiecl to include static structure (Richter and Sevick- 
Mtiraca. 2000) .  Nonetheless, upon measuring isotropic scat- 
tering coefficicnts at different wavelengths using FDPM, the 
invcrsc problem of determining f ( x )  and 6 requires solution 
of the Frcdholm integral Eq. 1. 

Equation 1 can be generalized as the following set of inte- 
gral equations. 

p’,( A, ) = I‘‘ K (  I. A,)p( x)& + el I = 1,2,  . . . A4 (2) 
0 

whcrc K (  I .  A ) is the kernel function, which is given by 

Here $,(A,) IS the discrete set of measurement data at M 
different wavclengths; p ( x )  is the unknown function to be 
determined: t i ,  and a ,  are the size limits within which the 
size distribution lies; and el is the measurement error. 

Equations 2 and 3 constitute the inversion problem for re- 
covering an unknown function p ( ~ )  from discrete measure- 
ment data &( A, ). In our method, the unknown function p(x) 
is the product. + , f ( x )  instead of f ( x )  and d individually, since 
f ( s )  and c b  can be separated by the normalized distribution 
constraint 

Methods: Inversion Algorithms for Recovery of 
PSD 
B-spline of approximation 

In  our ‘ilgorithm, the unknown function p(x) is approxi- 
mated by a linear combination of B-spline base functions, 
Bl”( I ). with cocfficicnts c,  which are given by 

c 
p (  1 )  = c C,B:”(,I)+ € ( X )  ( 5 )  

/ =  I 

Here. € ( , I )  is the approximation error, and rn, N ,  are the 
order and dimcnsion of the B-spline, respectively. Unlike 
piecewisc polynomial (PP) representation of spline functions, 
the B-form representation of spline has the advantages in that 
the nonlinear- PP-form spline functions (such as parabolic and 
cubic spline) can be described as a linear combination of B- 
spline basis functions (third- and fourth-order B-spline). as 
well a x  linear spline function (second-order B-spline). Thus, a 
variety o f  h i s  spline expansions can bc formulated as a lin- 
ear problcni due to the use of B-spline as the unifying basis 
function (Dc Boor, 1978). Since B-spline can accurately ap- 
proximate a n y  smooth function, the use of B-spline functions 
reduces the number of independent variables to be deter- 
mined and stabilizes the inversion process. 

Using the B-spline approximation, Eq. 2 can be written as 

where E, is the summation of measurement error and model 
(approximation) error. 

In matrix notation, Eq. 6 is given by 

( 7 )  b = A f + E  

where b is the measurement data and h, = &(A,) :  f is un-  
known function and f /  = c,; E is error; and A is the response 
model, whose components are 

In general, the solution to Eq. 7 can be formulated as a 
classical least-squares problem 

However, since direct solution of Eq. 9 can yield an unstable 
solution when measurement data is contaminated with noise, 
regularization is necessary for reducing the influence of the 
noise in the inversion process. 

Tikhonov regularization 
In order to stabilize the inverse solution, we employ 

Tikhonov regularization in which the regularized solution f ,  
is defined as the solution of the following optimizing prob- 
lem: 

Here, L is an appropriatcly chosen regularization matrix. The 
regularization parameter (Y controls the weight given to mini- 
mization of the regularization term I1 Lf,,, I1 relative to min- 
imization of the resident term I1 Af,,, - b II ?. 

Different ways to choose the regularization matrix L result 
in different regularization methods, such as zeroth-, first-, and 
second-order, and entropy regularization (Press et al., 1992). 
In our algorithm, the second-order regularization form is 
chosen since it provides the smoothness of the solution, which 
is often called smoothing constraint 

However, the smoothing constraint alone cannot guarantee 
stable, non-negative solution of size distribution. To avoid a 
negative solution, the non-negativity constraint 5hould be in- 
cluded 
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Equations 10. I I  and 12 constitute the inverse problem i n  
which coefficient ,f of the B-spl,ine expansion need t o  he dc- 
terniined. From Eq. 3. the PSD and volume Iraction ;ire sul-r- 
sequently obtained. II the regularization parameter N is 
known. the inverse problem is a linear least-squares prohlcm 
with linear inequality. I n  this work. the actice-set qundratic 
programming (QP) method (Gill et al.. 1984) was used to solve 
the PSD inverse problem. The success of this regularization 
method depends o n  the choice of optimal regularization pa- 
rameter a .  

Regularization parameter selection 
The choice of optimal regularization parameter is inipor- 

tant to solve the ill-posed inversion problem. On the one 
hand. if the parameter is too small. the noise cannot he fil-  
tered out and spurious oscillations in thc solution exist. On 
the other hand, if the parameter is too large. w n i c  data, as 
wel l  as noise. are filtered out and the solution is over- 
smoothed. 

11 approaches have been proposed for selecting an 
appropriate rcgularization parameter. If the reliable informa- 
tion about error norin I1 E I1 (including moilcl a n d  expcri- 
ment errors) is available, the discrepancy principle (Morozov. 
1984) can he used to choose regularimtion parameters such 
that the residual norm for the regularized solution equates 
the error norm. Ramachandran et al. ( 1996b) used this ap- 
proach to recover aerosol-size distribution from cascade im- 
pactor data. Hoivevcr, this technique clearly depends on the 
ability to correctly cstiniate errors i n  the measurement data. 

Generalized cross validation (GCV) (Wahhii, 1077: Goluh 
ct al.. 1979) is a popular method for choosing the rcguiariza- 
tion parameter since it docs not require a n  cstiniation of thc 
error norm. The C;CV method is based on statistical consid- 
erations that a good regularization paranieter can predict 
missing data values. Elicahe and Garcia-Ruhio ( 1900) used 
this approach for recovery o f  polystyrene latex PSD from tur- 
bidity measurements. However. GCV cannot he expected to 
perform well in the case where there are relatively few nica- 
surements (Wahba. 1990). and the GCV function may have 
flat minimum. Consequently. i t  may t-re difficult t o  locate the 
value of glohal niinimuni (Hansen and O'Leary. 1093). 

L-curve method (Hansen. 1992) is another pxamctcr 
choosing mcthod which is independent of error estimates. Thc 
L-curve is a plot o f  regularization term 11 Lf , , ,  I1 vs. residual 
term / I  At,,., - b 1 1  for all regularization parameters. As 
shown in Figure I ,  optimal solution lies near the corner of 
the "L-curve" since the solution strikes a balance Iictwccn 
the solution smoothness and the residual crror in this region. 
Lloyd ct al ,  (19Y7) used the L-curve method lor inversion of 
PSD from diffusion battery data. and showed th:it the solu- 
tion obtained is ;IS good as or better than that ol-rtaincd by 
the discrepancy principle or Twomey's method. 

In  most applications, L-curve method is used tor rcgular- 
ia t ion methods which employ a smoothing constraint only. 
I n  this article. the L-curve method is tiscd to choose the regu- 
larization parameter for the PSD invcrsion problem coii- 
tained by both smoothness and non-ne 
similar approach has been used f(ir 
inultispcctral optical depth mcasurenicnts (Liu c t  al.. lW9). 

I I 

I \  I Best fit 1 

1 solutions 1 

I / : Increases 1 
'optimum 

L 

Figure 1. L-curve showing the trade-off between the 
smoothest solutions and best fit solutions. 

In order to investigate the perforniance of this inversion 
algorithm, nunierical simulations have been made for differ- 
ent types of distributions (that is. iininiodal and bimodal. nor- 
mal and lognormal. narrow and hroitd). The synthetic data of  
isotropic scattering coefficients at different wavelengths werc 
c;ilculntcd from Eq. I using iiii assumed PSD and volume 
fraction. Ten u.acelengths. ranging Irom 300 niii to  900 nm. 
were L I S C ~  i n  the himulation. It is assumed that particles ai-c 
spherical and  thc particle-size range of suspensions M'X from 
10 i i i i i  to  1.000 nni. so that Mic scattering theory is suitahlc 
lor scattering calculation. To simulate real experimental con- 
ditions. ;I specific amount of Gaussian random noise was 
added to the noise-lrcc synthctic data. For convenience. the 
assumed arid recovered siLc distrihutions were normalized t o  
;I maximum value of  one for the purposes of comparison. Fol- 
lowins assessment of algorithm performance with synthetic 
i n  casu rc men t s. t h e algorithm W;IS c ni ployed with act iia 1 
FDPM nieasurcnicnts of titanium dioxide auspensions. 

Results and Discussion of Synthetic Studies 
The pcrforni;rnce of iiii invcrsc algorithm depends u p o n  ( 1 )  

the dcgrce o f  the error associated \x,ith the W-spline approxi- 
mation; ( 2 )  whether measurement error is tolerated: and fi- 
nally ( 3 )  its flcxihility to recover various types o f  size distribu- 
tions (that is. log-normal, hi-modal, and so o n ) .  I n  order to 

. whether I-roth smoothness and  non-negativity con- 
straints provide ;I good solution wi th  respect to other ap- 
proache\. ;i comparison of different inversion approaches is 
also prescntcd. 

Eflects of model errors 
To study the effects of  model errors caused hy B-spline 

;i pp roxi iii ;it ion. we assu nicd that mcasurcnie 11 t cri-ors arc zero 
i n  thc synthetic data sets. The assumed "true" distribution is 
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Figure 2. Recovered normal size distribution (symbols) 
reconstructed from B-spline approximation 
using noise-free synthetic data and actual size 
distribution (line) for a normal distribution of 
colloids with refractive index of titanium diox- 
ide. 

shown as ii solid line in Figure 2 for a unimodal Gaussian 
distribution. and the discrete points denote recovered size 
distributions approximated by B-spline expansion. The recov- 
ered volume fraction, mean size, and standard deviation of 
size distribution, and corresponding assumed true values are 
compared in Table 1. Similarly, the assumed “true” and re- 
covered distributions are shown in Figure 3 for log-normal 
size distribution. For recovery of log-normal distribution, a 
geometric size scale was used. and the geometric mean size 
and standard deviation of PSD are obtained and compared 
to assumed true values, which are shown in Table 2. In these 
simulations. the regularization parameters selected by L-curve 
method are very small (2.83 x lo-’ for normal size distribu- 
tion, and 1.6OX lo-’ for lognormal size distribution), and the 
recovered solutions were found to match the “true” values 
well. 

From this simulation, we can see that: ( 1 )  the B-spline ex- 
pansions provide a good approximation of size distributions; 
(2) the inversion algorithm can accurately recover the PSD 

Table 1. Effects of Model Errors for Inversion of Unimodal 
Gaussian Distribution 

vol. Fractron Mean Size (nm) Dev. ( n d  

1 1  

1 

0.9 

.: 0.5 
u) 

0.2 

0.1 

0 

I‘ 
I -  

100 diameter (nm) 1000 

Figure 3. Recovered log-normal size distribution (sym- 
bols) reconstructed from B-spline approxima- 
tion using noise-free synthetic data and actual 
size distribution (line) for a log-normal distri- 
bution of colloids with refractive index of tita- 
nium dioxide. 

and volume fraction if there is no measurement error; and ( 3 )  
the effects of model errors can be neglected, reducing the 
need for regularization significantly. 

Eflects of measurement errors 
To investigate the effects of measurement errors on our 

inverse algorithm, we added different levels of random 
Gaussian noise to the noise-free synthetic measurements. For 
a unimodal Gaussian-size distribution of titanium dioxide 
suspension, different noise levels were tested. The inversion 
results of PSD for three noise levels ( I % ,  5%, and 10%) are 
shown in Figure 4. The recovered volume fraction, mean size 
and standard deviation, and assumed values are also shown 
in Table 3. A similar simulation was performed using a geo- 
metric size scale for recovery of log-normal size distribution 
and volume fraction, and the results are shown in Figure 5 
and Table 4. It can be seen that our inverse algorithm can 
effectively suppress noise propagation, and provide reason- 

Table 2. Effect of Model Errors for Inversion of Unimodal 
Log-Normal Distribution 

Geometric Mean 
vol. Fraction (nm) Geometric Dev. 

True v;iluc\ 0.01 500 100 
Recovered v.iIuc 0.010003 500.28 100.54 

True values 0.02 350 I..? 
Recovered value 0.010997 350.04 1.3006 

AIChE Journal July 2001 Vol. 47, No. 7 1491 



1.1 

1 

0.9 

0.8 

3 
Q 0.7 

.s 0.6 m 
Q) 
.E 0.5 
tn 
0 E 0.4 
3 
$ 0.3 

0.2 

0.1 

0 

.- 
CI 

.- 
L 
4- 

- 

0 200 400 600 800 1000 

diameter (nm) 

Figure 4. Effects of measurement errors for recovery of 
unimodal Gaussian distribution. 
Recovered-sire distributions (symbols)  arc rcconhtl-uctcd 
from synthetic data containing I<',; (fillcd circlcs), 5 ( ;  (fillcd 
triangle\). and l o c +  (filled squares) random noisc. Thc wl id  
linc dcnotes the "true" size distribution. 

able inversion results for normal and log-normal distributions 
within as high as 10% measurement error in isotropic scatter- 
ing coefficients. As the noise level increases, the size distribu- 
tions arc ovcr-smoothed. which may be due to L-curvc 
method. The oversmoothness phenomena by using L-curve 
method have been reported by Hansen (1998). Although the 
accuracy of recovered size distributions decreases as the noise 
level increases, the recovered volume fractions arc accurate. 
and the moments of recovered PSD (that is. mean size and 
standard deviation) are close to the true values. 

In the simulations above, the fourth-order B-spline (cubic 
spline) was used for approximating the unknown function. 
Other B-spline basis functions, second and third B-spline 
(linear and parabolic spline), wcrc also tested for model er- 
rors, and different measurement error levels. Similar rcsults 
were obtained using these different basis functions. Since the 
inversion results using linear and parabolic B-spline approxi- 
mation are not as good as those by cubic B-spline approxinia- 
tion at high noise levels, we cmploy the cubic B-spline ap- 
proximation in our subsequent work. 

Table 3. Effects of Measurement Errors for Inversion of 
Unimodal Gaussian Distribution 

Vol. Fraction Mean S i x  (nm)  Dev. ( n n i )  

True \,slues 0.0 I 500 I00 
+ 1 9  noise 0.0099') 502.67 105.0 
+5C4 noise O.OOY79 498.16 113.87 
+ 10% noise 0.01026 5 19.75 127.53 
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Figure 5. Effects of measurement errors for recovery of 
unimodal log-normal distribution. 
Rccowi-cd-sirc distribution\ (symbols) are recoii\tructed 
from synthetic data  containing I c ;  (filled circlcs). 5 ' r  (filled 
ti-iangles). a n d  10% (filled quarts) random i ioi\c. r h t .  solid 
l i i ic  denotes tlic "true" silt dislribution. 

Inuersion methods comparison 
From our solutions using synthesis mcasurements, we found 

that both thc smooth and non-negativity constraints are im- 
portant for PSD inversion from FDPM measurements. The 
original Tikhonov regularization method does not include the 
non-negativity constraints. When used in our problem, it pro- 
duces unrealistic negative solutions. cspecially at the limits of 
particle-size distribution. Similar unrealistic negative solu- 
tions have also been reported in the literature (Steele and 
Turco, 1997; Popovici et al., 1999). Bashurova ct al. (1991) 
suggested rcplacing the negative values with zero if solution 
has negative values, but this might not be the best choice in 
sonie cascs. Figures 6 and 7 show two examples of the com- 
parison of our algorithm with the original Tikhonov method 
and Bashurova's method for recovery of PSD in titanium 
dioxide hamplcs, in  which the 3% and 8% random GaLissian 

Table 4. Effects of Measurement Errors for Inversion of 
Unimodal Log-Normal Distribution 

Geometric Mean 
(ieometric Dev. 

- 
Vol. Fraction (nm) 

~ ~~ 

l ' ruc values 0.02 350 I 3  
+ I c; noise 0.02005 352.4 1 1.305 
+ j r i  noise 0.02013 355.22 1.310 
+ loc ;  noise (1.02030 363.84 1.34 1 
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Figure 6. Recovered-size distributions (symbols) re- 
constructed by our algorithm (filled circles), 
Tikhonov method (open  tr iangles),  
Bashurova’s method (filled diamonds), and 
NNLS (filled squares) from synthetic data 
containing 3% random noise. 
Thi \ d i d  line denotes the ‘true- \ i ~ e  diw-ibution 

noise level5 Mere added to simulated data. In each method, 
L-curve method was used for choosing regularization param- 
eters. The rccovered volume fraction, mean size, and stan- 
dard deviation o f  size distribution at two different noise lcv- 
CIS arc shown in Tables 5 and 6. respectively. At the low noise 
level, the Bashurova’s method can overcome the shortcoming 
of original Tikhonov method, and can achieve a reasonable 
solution. However, the inversion results are still unsatisfac- 
tory when compared to those obtained from our algorithm. 
This is especially true for recovery of volume fraction. Since 
the volume fraction is calculated by integrating Eq. 4, directly 
replacing the negative values with zero values leads to large 
errors o n  intcgration. At high noise levels, both Tikhonov and 
Bashurova‘s nicthods fail to obtain the stable solutions. In 
contrast, our dgorithm obtains reasonable inversion results. 

Moreover, rhc non-negativity constraint alone is not suffi- 
cient to givc ;I good solution. especially at large noise levels. 
Wc compared our algorithm with t h e  nonnegative least square 
(NNLS) method (Larson and Hansen, 1974) using the same 
synthetic data as above, and the results are also shown in 
Figures 6 and 7 ,  and Tables 5 and 6. Although the recovered 
volumc fraction, mean size, and standard deviation are close 
to true values. oscillation in the recovered PSD by the NNLS 
method at thc large noise case indicates the need of the 
smoothness constraint. 
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Figure 7. Recovered-size distributions (symbols) re- 
constructed by our algorithm (filled circles), 
Tikhonov method (open  tr iangles),  
Bashurova’s method (filled diamonds) and 
NNLS (filled squares) from synthetic data 
containing 8% random noise. 
The solid line denote\ the “true” size di\trihutiun 

Table 5. Various Inversion Results for a Gaussian 
Distribution with 3% Measurement Noise Added 

Vol. Fraction Mean size (nm) Dev. (nm) 

True values 0.01 500 100 
Our algorithm 0.0102 503.41 107.10 
Original Tikhonov 
method 0.0088 410.81 N o t  rccovered 
Bashurova’s method 0.0130 5 10.47 105.90 
NNLS method 0.0098 491.29 94.91 

Recovery of broad and narrow-size distribution 
To further test our algorithm, the quality of reconstruction 

of narrow and broad size distributions was investigated. Two 
Gaussian size distributions with the same mean sizes. but dif- 

Table 6. Various Inversion Results for a Gaussian 
Distribution with 8% Measurement Noise Added 

Vol. Fraction Mean Size (nm) Dev. (nm) 

True value$ 0.01 500 100 
Our algorithm 0.000 6 502.07 105.9 
Original Tikhonov method 0.0131 680.21 128.25 
Bashurova’s method 0.0103 686.58 190.48 
NNLS method 0.009 0 509.60 121.35 
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narrow Gaussian distribution. 
Figure 8. Effects of measurement error for recovery of 

Recobcrcd-size distributions (wrnbols) arc rcconatructcd 
t r i m  byithetic data containing 1 %  (filled circles). 5 [ r  ( f i l led 
traingles). a n d  10ri ( f i l l ed  bquarcs) r andom nokc. The wlid 
linc denotea the “true- sire distribution. 

ferent standard deviations, were investigated using synthetic 
mcasurements. The recovered I’SD at different noise levcls 
( I % ,  5%’ and 10%’) are shown in Figures 8 and 9, and the 
recovered volume fraction. mean size. and standard deviation 
are listed in Tables 7 and 8. As noisc increases, the recovercd 
PSD for the broad distribution are over-smoothed when com- 
pared to that for the narrow distribution. However. the rela- 
tive errors of recovered deviation of broad distribution arc 
smaller than that of narrow distribution, which may be due to 
the numerical round-off crror. From these results. it is found 
that the effects of polydispersity on the quality of inversion 
are small, and our algorithm can recover both narrow and 
broad distributions at different noisc levels. 

Recovery of the multi-modal-size distribution 
Besides unimodal size distributions. the ability of our algo- 

rithm to recover bimodal size distribution was also tested nu- 
merically. Figure 10  gives the recovered PSD from an as- 
sumed bimodal Gaussian distribution. in which no random 
noise was added to simulated data. Like the unimodal-size 
distribution. the regularization parameter chosen by L-curve 
method is very small (5.05 x I O - ” ) .  and the recovered results 
are in good agreement with assumed true values for 
bimodal-size distribution. Clearly, it shows that the model er- 
rors are negligible. and our algorithm can be successfully used 
for recovery of bimodal distribution. Furthermore our results 
demonstrate that the arbitrary assumption of PSD form in ii 

pr-iori can be avoided. 
The effects of measurement errors were also studied for 

bimodal-size distribution. which arc shown on Figure t I .  At a 
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Figure 9. Effects of measurement error for recovery of 

I<ecobcrcd \iLc di\tributions ( \yrnhola)  arc  iecon\trucrcd 
Iron1 \yithctic da ta  containing I c;  (filled c ~ r c l e d  5‘; (filled 
trinnglea) :ind 10‘; (filieci squares) r andom noise. The \ulid 
l inc dcnotes the “ t rue-  size distribution. 

Table 7. Effects of Measurement Errors for Inversion of a 
Narrow Gaussian Distribution 

Vol. i‘raction Mean Size ( n m )  [lev. (nm)  
~ ~. 

‘I’ruc \alucs 0.01 500 50 
+ 1 ci noiw 0.000~18 500.55 01.30 
+ 5 %  noise 0.00988 493.34 70.06 
+ IW noise 0.00930 476.83 65.45 

low noise level (within 5%), the first mode shows good agree- 
ment with the true value, while the second mode is far away 
from the true value. Compared to the inversion of unimodal 
normal distribution, the effects of noise are largcr for recov- 
ery of  bimodal normal distribution. which means that recov- 
ery of multi-modal distribution is morc sensitive to measure- 
ment error than recovery of unimodal distribution. Hence, 
more accurate and more numerous measurement data are re- 
quired in order to rccovcr multi-modal size distribution. Al- 

Table 8. Effects of Measurement Errors for Inversion of a 
Broad Gaussian Distribution 

Vol. traction Mean Size (nm)  Dev. ( n m )  
True valucs 0.01 500 I30 
+ 1% noisc 0.010 I 507.0h 135.32 
7 5 %  noisc 0.0102 512.61 141.77 
+ 10p4 noiw 0.0094 40537 1-15, I I 
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Figure 10. Recovered size distribution (symbols) re- 
constructed from B-spline approximation us- 
ing noise-free synthetic data and actual size 
distribution (line) for a bimodal Gaussian 
distribution of colloids with refractive index 
of titanium dioxide. 

though agrccmcnt between retrieved PSD and assumed PSD 
decreases ;is noise level increases, the two modes of distribu- 
tion can be successfully reconstructed within as high as a 10% 
randoin nieawrcment error. 

Results and Discussion of Experimental Studies 
Besides thc synthetic study, our algorithm was also tested 

for reco\:ciy of I'SD and volume fraction from actual FDPM 
measurements of titanium dioxide suspensions. Two different 
samples oi tiianium dioxide suspensions with different size 
dictributions were kindly provided by Dupont, and FDPM 
measurcnicnt\ were performed by Richter (2000). The vol- 
ume fraction5 are 0.04 in both samples measured by evapora- 
t ion  csperimcnts. which are high enough to be in the multi- 
ple scattering regime. but low enough to prevent interparticle 
interactions. I n  our previous inversion work. the log-normal 
distrihution n as assumcd, and nonlinear optimization meth- 
ods wcrc auhscqucntly used to obtain the parameters of as- 
sumed distributions from measured isotropic scattering coef- 
ficients. Howcwr, using our current approach, no a priori in- 
formation of  size distribution is needed. and the inversion 
process is more coinputationally efficient. 

Thc rccovcrecl size distributions of two samples using our 
algorithm ;ire shown in Figures 12 and 13, respectively. For 
comparison, recovered PSD from FDPM measurements of 
sonic sample\ using assumption of  lognormal form of distri- 
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Figure 11. Effects of measurement error for recovery of 
bimodal Gaussian distribution. 
Recovcrcd-size distribution., (qymhols) iirc rcconsiructed 
from synthetic data containing 1 8  (filled circle\). 5';  (filled 
triangles) and loc; (filled squares) random noisc. The solid 
linc denotes the "true7 sirc distribution. 

bution, and measured PSD from dynamic light scattering 
(DLS) measurement at dilute samples (Richter, 2000) are also 
shown in Figures 12 and 13. For sample A, the size distribu- 
tion derived from X-ray sedimentation measuremcnt was 
provided by Dupont, which is also shown in Figure 12. In  our 
algorithm, a geometric size scale was used for recovery of 
size distributions, and a comparison of geomctric mean size, 
standard deviation of size distribution, and volume fraction 
by different approaches are presented in Tables 9 and 10. 
For sample A, the particle-size distributions recovered by dif- 
ferent approaches are close even though they may not match 
very well. The recovered geometric mean size and standard 
deviation by our algorithm are comparable with previous in-  
version results, DLS, and X-ray measurements. and the re- 
covered volume fractions are accurate when compared to 
evaporation measurements. The difference between inver- 
sion results may bc due to measurement errors in the differ- 
ent approaches. For sample B. from Figure 13 and Table 10, 
we can see that the size distribution recovered by free form 
inversion is closer to DLS results than that recovered using 
the assumption of log-normal form of distribution, even 
though the assumption of log-normal form was also used in 
DLS measurements. Compared to the evaporation experi- 
ment. volume fraction of suspensions can always be accu- 
rately obtained by our algorithm. 

For sample B, other inverse methods. the original Tikhonov 
regularization, Bashurova's method, and NNLS were also used 
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Figure 12. Comparison of recovered PSD by free-form 
inversion (solid line with filled circles) with 
log-normal form inversion (solid line), DLS 
(dashed line with filled squares) and X-ray 
(dashed line with filled triangles) measure- 
ments of titanium dioxide sample A. 

for comparison, and results are shown in Figure 14 and Table 
11. We can see that the PSD recovered by NNLS method 
oscillates even though the recovered geometric mean size and 
standard deviation are closer to DLS results. Although, in 
this case, the negativc value problem is avoided so that 
Bashurova's method gives the same solution as Tikhonov reg- 
ularization, the difference between the inversion results from 
the Tikhonov regularization and the DLS results is larger than 
that between the inversion results from our algorithm results 
and the DLS results. 

Summary and Conclusion 
A new inverse algorithm was proposed for recovery of free 

form PSD and volume fractions from FDPM measurements 
in opaque colloidal suspensions. In this method. the size dis- 
tribution was approximated by B-spline approximation. 
Tikhonov regularization along with both non-negativity and 
smoothing constraints, in which L-curve method was used to 
choose the regularization parameter, was used to ensure the 
stable and realistic solution. The simulation results show that 
both constraints are very important for recovery of PSD. Fur- 
thermore, the inversion of measurement data to obtain PSD 
is over-smoothed as the noise increases, which may bc due to 
the L-curve method to choose regularization parameters. 

Our algorithm can be uscd for recovery of  many different 
types of particle-sizc distributions, including normal and log- 
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Figure 13. Comparison of recovered PSD by free-form 
inversion (solid line with filled circles) with 
log-normal form inversion (solid line) and 
DLS results (dashed line with filled squares) 
of titanium dioxide sample B. 

Table 9. Various Particle Sizing Results for Actual 
Experimental Data on Titanium Dioxide Sample A 

Geometric 
Vol. Fraction niean (mi) Geometric Dev. 

- -. 
DLS reatilt3 Nor avuilahle 202.25 1.414 
X-ray result.; Not availahlc 170.81 1.358 
Lop normal inversion 0.00394 253.30 1.444 
Free form inversion 0.0030 I 284.56 I .43 1 

normal, narrow and brood, and unimodal and multimodal 
distributions. The inversion results from synthctic data show 
that this algorithm is insensitive to model error, and has a 
high stability in the presence of measurement errors. Within 
5% noise in  synthetic measurements. our inverse algorithm 
can effectivcly suppress noise propagation. and provide good 

Table 10. Various Particle Sizing Kesults for Actual 
Experimental Data on Titanium Dioxide Sample B 

Geometric 
Vol Fr'iction Mem ( n m )  GconietriL Dek 

DLS rneasurcment Not available 303. I I 1.367 
Lognornial inversion 0,00389 265.65 1.530 
Free form inversion 0.00.3W .327.38 1.504 
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Figure 14. Recovered size distributions (symbols) by 
our algorithm (solid line with filled circles), 
Tikhonov method (solid line with open trian- 
gles), and NNLS (solid line with open dia- 
monds) from actual FDPM measurement of 
titanium dioxide sample B. 
I hc  d d i e d  line with filled square\ denote\ the PSD re- 

~ o ~ c r c d  from DLS mcd\urcmcnts 

inversion r‘csults. Compared to recovery of unimodal-size dis- 
tribution, it i \  more sensitive to measurement error for recov- 
ery of multirnodal distribution. Further work will focus on 
how t o  improve the accuracy and precision of FDPM mea- 
surements in order to recover multimodal size distribution 
from real FDPM experimental data. 

Our algorithm was also tested by recovery of unimodal size 
distributions from actual experimental data of FDPM mea- 
surements. The recovered size distributions and their mo- 
ments (that is. mean size and deviation) by our algorithm are 
comparable with previous inversion results, DLS, and X-ray 
measurenicnts. The recovered volume fractions are accurate 
comparcd with evaporation experiments. Compared to our 
previous inversion method, this method avoids the arbitrary 
assumption of I I  priori PSD forms. Also, our current linear 
inverse method is faster than the previous nonlinear inverse 

Table 11. Various Inversion Results from Actual 
Experimental Data on Titanium Dioxide Sample B 

Geometric Mcan 
Vol. Fraction (nm) Geometric Dev. 

~~~~~ 

DLS nicawi-enieni Not available 303.1 1 1.467 
Our Algorithm 0.00398 327.28 1.504 
Ti k honok me thi )d ().00420 348.73 1.577 
NNLS method 0.0039 I 320.08 1.458 

method, and is more suitable for in situ PSD and volume 
fraction determination in industry. 

Finally. while this algorithm was tested in concentrated, yet 
noninteracting suspensions, its framework can be modified to 
include the static structure factor in order to deal with parti- 
cle interactions. Future work focuses on characterizing inter- 
acting suspensions using our algorithm. 
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Notation 
a ,  =size lower limit 
a? =size upper limit 
A =matrix (response model) 
h = mcasurement data 
B = B-spline function 
c =coefficients of B-spline 

D =diffusion coefficient 
e = mcasurement error 
E =error matrix 
f =unknown function matrix 

f ( x )  = particle-size distribution 
g =scattering anisotropy 

K =kernel function 
nz =order of B-spline 
M =number of experiment data 
ti =refraction index 

N =dimension of B-spline 
p =unknown function 

Q,,;,, =scattering efficiency 
q =isotropic source 
T =position 
t =time 

U = total photon density 
L) =speed of light 
x =particle diameter 
ru =regularization 

=model error 
A =wavelength 

po =absorption coefficient 
p: =isotropic scattering coefficicnt 
cb =volume fraction 
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